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1. INTRODUCTION 


In 1996, K. Iseki introduced the notion of BCK/BCI- algebras. For the general development of BCK/BCI- algebras [ 6 ], In 
[ 2 Jintroduced a new class of algebras related to BCI- algebras and semi groups called a BCI- semi group. In this paper we 
study a new type of fuzzy sub IS-algebra are normal sub IS-algebra, fuzzy normal sub IS-algebra and fuzzy normal sub IS- 


algebra of fuzzy sub IS-algebra. 
2. PRELIMINARY 
We review some definitions that will be useful in our results. 


Definition 2.1: A Semi group is an ordered pair (G,-) ,where G is a non-empty set and “ .” is an associative binary 


operation on G. [3] 


Definition 2.2 A BCI- algebra is triple (G, *, 0) where G is a non-empty set “*” is binary operation on G, 0 € G is an 


element such that the following axioms are satisfied for all s, t, r € G: 
e ((s 4) Xs 4%) Ar *) =0, 
e 6 (s Xs #) #=0, 
e s %=0, 
e =s #=Oandt * =0 implies =r 
If 0 *s =0 for all s € G then G is called BCK-algebra. [1] 


Definition 2.3: An IS-algebra is a non-empty set with two binary operation “*” and “.” and constant O satisfying the 


axioms: 
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e §©(G,*, 0) is a BCI-algebra. 
e (G,.)is a Semi group, 
e = s.(t *r) = (s.t) *(s.r) and (s *t).r = (s.r) *(t.r), for alls, t, r € G. [6] 


Example 2.4: let G={0,a,b,c} define “*” operation and multiplication “.” by the following tables: 


Then by routine calculations we can see that G is an IS-algebra.[6] 


Definition 2.5: Let G and Y be IS-algebra a mapping f :G— Y is called an IS-algebra homomorphism (briefly 
homomorphism ) if f(x * y) = f(x) * f(y) and f(xy) = f(x) f(y) forall x,yeG. 


Let f :G— Y IS-algebra homomorphism. Then the set {x € G: f(x) =0} is called the kernel of f, and 


denote by Ker f. Moreover, the set { f(x) € Y : x € G} is called the image of f and denote by Imf. [4] 


Definition 2.6: Let} and be the fuzzy subsets in a set G, the Cartesian product 


Ax :GxG—>[0, 1] is defined by x )(x% y)=min{A~@), ()} 
for all x, yE G. [9] 
Definition 2.7: Let G be a non-empty set a fuzzy subset U of Gis a function :G—[0, 1]. [10] 
Definition 2.8: Let [L and V_ be a fuzzy sets on G. Define the fuzzy set wU (lv as_ follows: 
(uw fv )(x) = min{ W(x).v (x)} for all x € G [5] 
Definition 2.9: Let LL and V_ be a fuzzy sets on G. Define the fuzzy set LL Uv as follows: 
(uw Uv )(x) = max{W(x),v (x)} for all x EG [5] 


3. MAIN RESULTS 


In this section, we find some results about fuzzy sub IS-algebra, normal sub IS-algebra, fuzzy normal sub IS- 


algebra and fuzzy normal sub IS-algebra of fuzzy sub IS-algebra. 


Definition 3.1: A fuzzy set HM defined on Gis called a fuzzy sub IS-algebra of G if it satisfies the following conditions: 


1) w(x, *x,) > min{w(x), u(x), 
2) w(xx,) > min{u(x),ux,)} Vx.x, eG 


Proposition 3.2: Let UW and V_ be fuzzy IS-algebra of G. Then y (\v is a fuzzy IS-algebra of G. 


Impact Factor (JCC): 6.6810 NAAS Rating 3.45 


On Fuzzy Sub IS-Algebras 3 
Proof: Let LL and V are the fuzzy sub IS-algebra and let X, y € U Ov then 


(wf )(xy) = min{w(xy),v (xy)} 
>min{min{u(x), W(y)}, min¥ (x).v(y)}}_ [by hypothesis ] 
=min{min{W(x),v (x)},min{w(y),V (y)}} 
= min{(L NV )d, (NV )}. 


(uA )(x* y) = min{u(x* y),v ((x* y)} 
> min{ min {u(x), u(y)}, min ¥ (x),v (y)}} [by hypothesis ] 
= min{ min {u(x),v (x)},min{u(y),v (»)} 
= min{(u AW), (LAW): 


Hence 4 Mv is a fuzzy sub IS-algebra. 
Proposition 3.3: Let JL and V are fuzzy sub IS-algebra of G then uw Uv is a fuzzy sub IS-algebra of G if 
UCcV or V CL. 


Proof: Let UW and V are the fuzzy sub IS-algebra, and let X, y € U Uv then 


(uw Uv )(xy) = max {u(xy).v (xy) } 
> max min{u(x), L( y)}, min\ (x),v ( y)}} [by hypthoses] 
=min{max{U(x).V (x)},max{W(y)V(y)}} [Hv orv cy] 
min{(u Uv )(x), (Uv ()}- 


(4 Uv )(x* y) =max{u(x* y).v (x* y)} 
> max {min{LL(x), W(y)}, min (x),v(y)}} [by hypthoses | 
= min{max{(x),V (x)},max{L(y).v(y)}} [Cv orv cy 
= min{( Uv )(x), (1 Uv )(9)}. 


Hence ft U vis a fuzzy sub IS-algebra. 


Proposition 3.4: Let G be a IS-algebra and let Ld, v, be a fuzzy sub IS-algebra then / < v is a fuzzy sub IS-algebra of 
GXG. 


Proof: Let WU and V are fuzzy IS-algebra 3 (x, +, ), (x, 5 y,) € GxG then 


(XV )((X,, Y,)-(5 Y.)) =(UXV ) (0,5 YY.) 
= min{u(x,..x,).V (y,.y,)} 
> min{min{u(x,),u(x,)}, min¥ (y,),v (y,)}} 
= min{min{u(x,),v (y,)},min{u(x,),v (y,)} 
=min{(U xv )(x,, y,).(U XV (x, y,)} 
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(xv )((x,, ¥,) *(x,, y,)) =(H xv (x, *x,, y, * y,)) 
= min{u (x, *x)V(y,* y,)} 
> min{min{u(x,), w(x, )}, min¥ (y,).Vv (y,)} 
= min{min{y.(a,),V (y,)},min{LCx, ),v (y,)}} 
=min{(U xv (x, ¥,),(H XV x, y,)} 


Hence LL XV isa fuzzy sub IS-algebra. 
Definition 3.5: A fuzzy sub IS-algebra UW of G is said to be normal fuzzy sub [S-algebra if there exists X € G such that 
u(x) =1. 
Remark 3.6: A fuzzy sub IS-algebra [LU of G is said to be normal fuzzy sub IS-algebra if and only if (0) = 1. 
Proof: 
Let pt be a normal fuzzy sub IS-algebra of G then 
there exists x € G such that U(x) = 1 
since W(0) > u(x) VxEG 
so (0) = 1 then (0) = 1. 
Conversely, it is clear. 


Proposition 3.7: Let and v are normal fuzzy sub IS-algebra of G then ft ( v be a normal fuzzy sub IS-algebra of G. 
Proof: 
Let wand v are normal fuzzy sub IS-algebra of G then 

LL Mv is a fuzzy sub IS-algebra of G [by Proposition (3.2)] 

also u(0) = 1 and v (0) = 1 so 

(uw Mv (0) = min{p1(0),v (0)} =1 

therefore (UL [JV ) is a normal fuzzy sub IS-algebra. 
Proposition 3.8: Let UW and V are normal fuzzy sub IS-algebra of G then WL Uv be a normal fuzzy sub IS-algebra of G if 

UW CV orV CL. 

Proof: 
Let 4 and v are normal fuzzy sub IS-algebra of G such that U CV or V CU then 

U Uv isa fuzzy sub IS-algebra of G [ by Proposition (3.3)] 


also u(0) = 1 and v (0) = 1 so 
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(u Uv )(0) = max{1(0).v (0)} = 1 

therefore UL Uv is anormal fuzzy sub IS-algebra. 
Proposition 3.9: Let and v be a normal fuzzy sub IS-algebra then Lt xV_ is a normal fuzzy sub IS-algebra. 
Proof: 
Let fd and v are normal fuzzy sub IS-algebra of G then, 

since {£ and v are fuzzy sub IS-algebra 

so [by Proposition (3.4) ] I xV_ is a fuzzy sub IS-algebra 

Now, 

(u xv’)(0,0) = min{w(0),v (0)} = min {1,1} =1 


[since 4, v are normal fuzzy sub IS-algebra] 


Hence #*Y ig normal fuzzy sub IS-algebra. 


Definition 3.10: Let G be a IS-algebra and ft a fuzzy set on X . Then [ is called a fuzzy normal sub IS-algebra of G if it 


satisfies the following conditions: 


1) pisa fuzzy sub IS- algebra of G. 
2) L(x* y)=UW(y *x) Vx,y €G\{0} - 
3) w(xy) = H(yx) Vx, yeEG. 


Proposition 3.11: Let and v are fuzzy normal sub IS-algebra of G then UL (wv be a fuzzy normal sub IS-algebra. 


Proof: 
Let and v are fuzzy normal sub IS-algebra of G, 
then UW (\v isa fuzzy sub IS-algebra of G [by Proposition (3.2)] 


Now, 


(uM )(xy) = min{u(xy),v (xy) } 
= min{u(yx),v (yx)} [wv are fuzzy normal sublIS - algebra] so, 
=(ufW)(yx), VxyeG. 


(LAV )(x* y) = min{u(x* y),Vv (x* y)} 
=min{u(y* x),v (y *x)}[W.v are fuzzy normal sub IS - algebra] 
= (uf )(y * x) V x,yeG\{O}. 


therefore UL (\v_ is a fuzzy normal sub IS-algebra. 
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Proposition 3.12: Let {l and vy are fuzzy normal sub IS-algebra of G . Then UL Uv. be a fuzzy normal sub IS-algebra if 


UCcCVorvchL. 

Proof: 

Suppose that 4 and v are fuzzy normal sub IS-algebra 
then and v are fuzzy sub IS-algebra then 
ie Uv bea fuzzy sub IS-algebra [by Proposition (3.3)] 
Now, 


(uw Uv )(xy) = max {H(xy),v (xy) } 
= max{u(yx),V (yx)} [by hypothesis | 
=(uUv)(Qyx)  Vx,yeG. 


so, 


(uw Uv )(x* y) = max{u(x* y),v (x* y)} 


= max{U(y*x),v(y*x)} [by hypothesis | 


=(uUv)\(y*x) Vx,yeG\{0}. 


Hence WL Uv is a fuzzy normal sub IS-algebra. 


Proposition 3.13: Let A and LW are fuzzy normal sub IS-algebra of G then rx UW is a fuzzy normal sub IS-algebra of 


GxG. 
Proof: 
LetA and be a fuzzy normal sub IS-algebra of G and let 
(X12), (V1.2) € G X Gwhere x),X2, Yin. € G 3 X= (41%), Y= 1,92) 
then/ and_ be a fuzzy sub IS-algebra of G so 
Ax is afuzzy sub IS-algebra [by Proposition (3.4)] 
now, 


(Ax W)(xy) = (Ax W)(x,,x,)-(y,, ¥,)) 
=(AXL)(xy,,%,Y,) 
=min{A(xy,),wOy,)} 


= min{A(y,x,), U(y,x,)} [A,p are fuzzy normal sublS - algebra] 


= (Ax W)((y,s ¥.) (5%) 
= (Ax H)(yx) 


and so, 
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let (x,x,), (y,y,) €GxG where x,,x,.y,y,<EG\{0} 
such that x=(x,x,),y=(y,y,)€GxG 


(Axpy(x* y) = (Ax W)C 55) "(945 99) 
= (AXP) * 11% * V9) 
=min{A(x, *y,),HOty *¥y)} 
=min{A(y, * 2X1) LOY 5 *X5)4 [A,W are fuzzy normal subIS-algebras | 
= (AX W)C ¥9)* (5%) 
=(Axp)(y*x) 


therefore x , is a fuzzy normal sub IS-algebra. 


Proposition 3.14: Let G be a IS-algebra and 4, 4 be two fuzzy sets in G such that 1xA is a fuzzy sub IS-algebra of 
Gx G. Then: 

1) either u(x) <u(0) or A(x) <A(O) forall xeEG. 

2) If w(x) <u(O) for all xe X theneither w(x) <A(O) or A(x)<A(O) - 

3) If A(x)<A(0) for all x eX then either w(x) <w(O) or A(x) <p) - 

4) either LL or XV isa fuzzy sub IS-algebra of G . 
Proposition 3.15: Let UL x X. be a fuzzy normal sub IS-algebra of G then either A or WW is a fuzzy normal sub IS-algebra 
of G. 


Proof: 


Let Ux X. be a fuzzy normal sub IS-algebra of G 
so UX X. be a fuzzy sub IS-algebra of G 
then by use Proposition (3.14), either A or U is a fuzzy sub IS-algebra of G 
if X be a fuzzy sub IS-algebra of G 
so [by (3.14)] A(x) < W(0) 
to prove A is a normal 


let X},X7 € X then 
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d(x,x,) =min{u(0),A(x,x,)} 
=(uxA)(0, x,x,) 
=(u xA)((0, x,)-(0, x,)) 
=(u xA)((0, x,)-(0,x,)) 
=(uxA)(0, x,x,) 
=min{u(0),A(x,x,)} 
=K(x,x,) 


Now, let x,,x,¢G/{0} 


A(x, -x,) =min{w(0),A(x, *x,)} 
=(uUxA)(O, x, *x,) 
=(uxA)((O, x,)* (0, x, )) 
=(uxA)((0,x,)*(0,x,)) [UxAisa fuzzynormal subiS- algebra ] 
=(uUxA)(0, x, *x,) 
=min{w(0),A(x, *x,)} 
= K(x, -x,) V x,.x,€G\{0}. 


Hence A is a fuzzy normal sub IS-algebra. 
In similar way. if [ x X is a fuzzy normal sub IS-algebra and lw isa fuzzy sub IS-algebra. 
We can prove that LL is a fuzzy normal sub IS-algebra. 


Definition 3.16: Let G be a IS-algebra, KW and V are fuzzy sub IS-algebra of G such that LW CV then WU is called fuzzy 
normal sub IS-algebra of fuzzy sub IS-algebraV if: 


(1) w(y*x) = min{U(x* y).v (y)} 
(2) wW(yx) 2 min{u(xy),v(y)} , Vx,yeX. 


Proposition 3.17: Let G be a IS-algebra and let and X._ be fuzzy normal sub IS-algebra of fuzzy sub IS-algebraV . 


Then WL (|X is a fuzzy normal sub IS-algebra of V . 
Proof: 
Let W and X. are fuzzy normal sub IS-algebra of fuzzy sub IS-algebraV_. 
Then WL (\X is a fuzzy sub IS-algebra [by Proposition (3.2)] 
Now, let X,Y € x , since 
L(y *x)2min{ p(x* y),v(y)}, ACy* x) 2 min{ A(x* y),v (y)} and 


(yx) = min{ U(xy),v (y)}, ACyx) = min{A(xy),v (y)} 
therefore 
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1) (wMA)(yx) = min{W(yx),A(yx)} 
> min{min{W(xy).v (y)},min{A(xy).v (y)}} 
=min{min{u(xy),A(xy)},min{v (y),v(y)} 
=min{(UM)A)(xy),v (y)} 


and, 


2) (MNA)(y*x) = min{u(y*x),A(y*x)} 
> min{min{u(x* y),v(y)},min{A(x* y),v(y)}} 
= min{min{u(x* y),A(x* y)},minfv (y),v(y)} 
=min{(UA)(x* y),v(y)} 


Hence WL (A is a fuzzy normal sub IS-algebra of V . 
Proposition 3.18: Let X be a IS-algebra and let [ and X. are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra V_ then 
U (|X is a fuzzy normal sub IS-algebra of V ifUu Cc AorvAc Ul. 
Proof: 


Let UW and X. are fuzzy normal sub IS-algebra of fuzzy sub IS-algebraV_. 


ie Uv. is a fuzzy sub IS-algebra[by Proposition (3.3)] 


Now, let x, yeG then 


1) (WUA)(yx) = max {U(yx),A(yx)} 
> max {min{M(xy),V (y)},min{A(xy),v (y)}} 
= min{max {u(xy),A(xy)},max{v (y),V(y)} [since CAorA Cy] 


=min{(u UA)(xy),v (y)} 
and so, 
2) (WUA)(y* x) = max{U(y*x),A(y *x)} 
> max {min{u(x* y),v (y)},min{A(x* y),v(y)}} 


= min{max {u(x* y),A(x* y)},max{v (y),vV(y)}[H CAorA Cy] 
=min{(uUA)(x* y).v(y)} 


Hence Wt UA is a fuzzy normal sub IS-algebra of V . 


Proposition 3.19: If Ww and X. are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra V_ then Ul x X is a fuzzy normal 


sub IS-algebra of V XV_. 
Proof: 


Let UW and X. are fuzzy normal sub IS-algebra of V . 


www.laset.us editor @iaset.us 


10 


Sundus Najah Jabir 


let (%1,x2), (Vi,y2) € GX Gsuch that Xx = (X1,x2), y= (V1.2) 


sovV,\, X. are fuzzy sub IS-algebra of G, 
then V xV_ is a fuzzy sub IS-algebra [by Proposition (3.9)] 


then LL x X is a fuzzy sub IS-algebra of G x G [by Proposition (3.9)] . 


Now, to prove [LL Xx i is a fuzzy normal sub IS-algebra of V xv 


(Hx A)(yx) = (XA), ¥%,)) 
=(UXxA)(Y%, Y.%,) 
=min{H(y,x,),ACy.x,)} 
2 min{min{W(x,y,).V (y,)},min{A(x,y,)v (y.)}} 
=min{min{}(x,y,),A(@.y,)},min{v (y,).V (y.)} } 
=min{ (Ux A)(x,.,)(Y,5¥))¥ XV (YD) 
=min{(UxA)(xy).V xv (y)} 


and so, 


(Wx AM(y*x) =(MXAM(y, 9) *(%,.%,)) 
=(WxA)(y,* x,y, *x,) 
= min{W(y,*x,),ACy,*x,)} 
> min{min{W(x,* y,).V (y,)}.min{ACx,* yV (rH 
= min{min{u(x,*y,),A(x,* y,)},min{v(y,).V(y,)}} 
=min{(WxA)(x,,x,)*(y.y))V XV (y,y)) 
= min{ (WL xA)(x* y)v xv (y)} 


Hence UL x X is a fuzzy normal sub IS-algebra ofV xv . 


Proposition 3.20: Let f:G-—  Y be a homomorphism if W is a normal fuzzy sub IS-algebra of Y then w’ is a normal 


fuzzy sub IS-algebra of G. 


Proposition 3.21: Let f :G— Y be ahomomorphism if UW is a fuzzy normal sub IS-algebra of a fuzzy sub IS-algebraV . 


Then Th is a fuzzy normal sub IS-algebra of V ‘ 


Proof: 


Let UW isa fuzzy normal sub IS-algebra of V . Then 


ET (aX) =H(fO)) Sv (f@) =v 4 (x) [since HCV]. 
and Th is a fuzzy sub IS-algebra[by Proposition (3.20)] 
Vv / is a fuzzy sub IS-algebra 


Now, to prove uw! is a fuzzy normal sub IS-algebra of V thus 
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LL’ (yx) = Wf (yx) 
=UCf(y) f(x) 
>min{u( f(x) f(y)).v (f(y) } 
=min{H(f (xy)).v ‘(y)} 
= min{u' (xy). ‘(y)} 


So, 


w’(y*x) =f (y*x)) 
=U(f(y)* f(x) 
>min{u(f(x)* f(y)).v (f(y) } 
=min{w(f(x* y)),v‘(y)} 
=min{W’/(x* y),v ‘(y)} 


Hence LL f is a fuzzy normal sub IS-algebra of V f ; 


Proposition 3.22: Let f :G—» Y be epimorphism if uw! is a normal fuzzy sub IS-algebra of G then UW is a normal fuzzy 


sub IS-algebra of Y. 


Proposition 3.23: Let f:G—» Y epimorphism if Th is a fuzzy normal sub IS-algebra of V . Then UW is a fuzzy 
normal sub IS-algebra of V . 


Proof: 
Let uw! is a fuzzy normal sub IS-algebra of V : then 


since fis an epimorphism if xe Y 4aeX such that f(a)=x 


w(x) = nf (a) =n (a) <v f(a) =v (f(a) =V(x) 80 WX) CVX) Vere. 


and UW is a fuzzy sub IS-algebra[by Proposition (3.22)] 


Now, let x,yeY Ja,beG suchthat f(a)=x , f(b)=y then 
UC yx) = LC f(b) f (a) = Wf (ba)) = WW (ba) 

2 min{W/ (ab),v ‘(b)} 

=min{U(f(ab)).v (f (b))} 


=min{u(f (a) f(b). (y)} 
=min{H(xy),v(y)} 


and so, 
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U(y*x) =n(f(b)* f(a) 
=H(f(b*a)) 
='(b*a) 
>min{u/(a*b),v ‘(b)} 
=min{u(f(a*b))v (f(b))} 
=min{u(f(a)* f(b)).v(y)} 
=min{u(x* y).v (y)} 


Hence UW isa fuzzy normal sub IS-algebra of V . 


REFERENCES 


1. 


10. 


11, 


12. 


Joncelyn S. Paradero-Vilela and Mila Cawi "On KS-Semigroup Homomorphism" International Mathematical 


Forum, 4, no.23, 1129- 1138, (2009) . 

K. Iseki, "An Algebra Related with a Propositional Calculus", Japan Acad., 42 1966 . 

K. Iseki, On BCI-algebras, Math. Seminar Notes (presently Kobe J. Math.), 8(1980), 125-130. 
K. H. Kim, "On structure of KS-semigroups", Int. Math. Forum, 1(2006),67-76. 

L.A Zadeh, "Fuzzy Sets", Information Control, 8, 338-353, 1965. 


Petrich, Mario."Introduction to Semigroups" Charles E. Merrill Publishing Company A Bell and Howell 
Company, USA.1973 . 


S. S. Ahn and H. S. Kim, A note on I-ideal in BCI-semigroups, Comm. Korean Math. Soc,11:4(1996),895-902. 


Sundus Najah Jabir " Types Ideals On IS-algebras " International Journal of Mathematical Analysis Vol. 11, no. 
13-16, 2017. 


Williams, D. R, Prince and Husain Shamshad, "On Fuzzy KS-semigroup" International Mathematical Forum, 2, 
2007, no.32, 1577-1588. 


Won Kyun Jeong, " On Anti Fuzzy Prime Ideal in BCK-Algebras”, Journal of the Chungcheong Mathematical 
Society Volume 12,August 1999. 


Young Bae Jun, Xiao Long Xin and Eun Hwan Roh "A Class of algebras related to BCI-algebras and 
semigroups", Soochow Journal of Math., 24, no. 4,pp. 309-321,(1998) . 


ZHAN JIANMING and TAN ZHISONG "INTUITIONISTIC FUZZY a-IDEALS OF IS-ALGEBRAS" Scientiae 
Mathematicae Japoniccae Online, Vol.9,(2003), 267-271. 


Impact Factor (JCC): 6.6810 NAAS Rating 3.45 


